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It is well known that in a generally covariant gravitational theory the choice of spacetime scalars as
coordinates yields phase-space observables (or “invariants”). However their relation to the symmetry
group of diffeomorphism transformations has remained obscure. In a symmetry-inspired approach
we construct invariants out of canonically induced active gauge transformations. These invariants
may be intepreted as the full set of dynamical variables evaluated in the intrinsic coordinate system.
The functional invariants can explicitly be written as a Taylor expansion in the coordinates of
any observer, and the coefficients have a physical and geometrical interpretation. Surprisingly, all
invariants can be obtained as limits of a family of canonical transformations. This permits a short
(again geometric) proof that all invariants, including the lapse and shift, satisfy Poisson brackets
that are equal to the invariants of their corresponding Dirac brackets.
PACS numbers: 4.20.Fy, 4.60.Ds.
Precisely as a consequence of the general covariance of
Einstein’s theory of gravity, spatial and temporal coor-
dinates possess no a priori physical significance. Con-
sequently it has long been recognized that physically
observable quantities in a Hamiltonian formulation of
general relativity must be insensitive to transformations
from any one set of coordinates to any other set. How-
ever, procedures that have been proposed in the liter-
ature to date for constructing observable quantities in
generally covariant theories suffer a major flaw. The
procedures do not establish a link to the full group of
underlying diffeomorphism symmetries, including trans-
formations that alter the time coordinate. Consequently,
although the resulting phase space functionals that have
been proposed are indeed invariant under transforma-
tions generated by the first class constraints of the theory,
it has not been clear what relationship these constraints
bear to the original symmetry group.
Initial steps in elucidating this relationship were under-
taken by Pons, Salisbury, and Shepley[1]. It was pointed
out that there is a realizeable symmetry group in the
Hamiltonian formulation of general relativity that is in-
duced by the original diffeomorphism group. Yet every
transformation of the metric field and its time deriva-
tives that results from the original group is faithfully
represented by the induced symmetry group. Pons and
Salisbury[2] suggested that this group could be employed
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to perform a transformation to intrinsic coordinates, de-
fined through gauge conditions in terms of appropriately
selected spacetime scalar fields. The resulting invari-
ants are then simply correlations between the values of
these scalars and the remaining phase space variables of
the theory[3]. Furthermore, invariants are nothing other
than the full set of dynamical variables evaluated in the
intrinsic coordinate system, including the conventionally
discarded lapse and shift fields.
We follow up here with an explicit general symmetry-
based construction of invariants, based on the canoni-
cal implementation of intrinsic gauge conditions. We are
able to display the invariants as power series in the coor-
dinates. Since time and spatial position are intrinsically
defined, they are themselves invariant. The coefficients
of the series terms are also all invariants and ipso facto
constants of the motion. We prove in addition that the
invariants so obtained satisfy the Dirac algebra that fol-
lows from the intrinsic coordinate-dependent gauge fix-
ing. Finally, we show that all invariants may be obtained
as a limit of a family of canonical transformations, thus
affording a potentially useful approximation scheme.
The diffeomorphism-induced canonical symmetry
group is the group of transformations of metric compo-
nents and their canonical conjugates that is projectable
under the Legendre map from configuration/velocity
space to phase space. The corresponding infinitesimal co-
ordinate transformations have a compulsory dependence
on the lapse and shift metric components, and due to the
group property, a spatially non-local dependence on the
spatial components of the metric must also be admitted.
Explicitly the coordinate transformations that produce
2projectable variations in the metric are of the form
x′µ = xµ − nµ(x)ξ0(gab;x)− δ
µ
a ξ
a(gbc;x), (1)
where Greek indices are in the range 0, · · · , 3, and Latin
indices have the spatial range 1, · · · , 3. The “descriptors”
ξµ are arbitrary functionals. The normal to the fixed
time hypersurface is expressed in terms of the lapse field
N and shift fields Na as nµ =
(
N−1,−N−1Na
)
. The
phase space generator of these active transformations is
Gξ(t) = Pµξ˙
µ + (Hµ +N
ρCνµρPν)ξ
µ. (2)
The Pµ are the momenta conjugate to N
µ, and are pri-
mary constraints. The Hµ are secondary constraints sat-
isfying the first class closed Poisson bracket condition
{Hµ,Hν} = C
µ
νρHρ. We employ the convention that re-
peated indices represent both a sum and an integration
over spatial coordinates. As opposed to (2), the Hamil-
tonian generator of time evolution is H = HµN
µ+PµΛ
µ,
where the Λµ are, excepting for the condition that Λ0 >
0, arbitrary spacetime functions.
As a first step towards the explicit form of the
functional invariants we impose an intrinsic coordinate-
dependent gauge condition of the form χ1µ := xµ −
Xµ(x) = 0, where the Xµ are spacetime scalar func-
tions of the canonical fields. Our task is then to find the
canonical transformation that moves the field variables
to that location on the gauge orbit where the gauge con-
ditions are satisfied. Once we are in possession of this
finite transformation we may employ it to transform all
the remaining fields. These actively transformed fields
are the invariants that we seek.
We note that preservation of the gauge conditions un-
der temporal evolution leads to additional constraints
χ2µ := δµ0 − A
µ
νN
ν ≈ 0. where we have intro-
duced the matrix Aµν := {X
µ,Hν}. Following the
lead of Henneaux and Teitelboim[4], further exploited
by Dittrich[5] and Thiemann[6], we find it convenient
to work with linear combinations ζ(i)ν of the first class
constraints ζ(1)µ := Hµ, ζ(2)µ := Pµ having the prop-
erty that
{
χ(i)µ, ζ(j)ν
}
≈ −δijδ
µ
ν . For this purpose
we need the inverse of the matrix
{
χ(i)µ, ζ(j)ν
}
. The
appropriate linear combinations are therefore Pµ =
BνµPν , where B
α
β is the inverse of A
µ
ν , and Hν =
Bρν
(
Hρ − B
µ
λN
σ{Aλσ, Hρ}Pµ
)
. This new basis exists in
general only locally. The gauge generator expressed in
terms of this new basis is
Gξ(t) = A
ν
µP ν ξ˙
µ +
(
AνµHν + B
λ
ρN
σAρσ, Hµ}Pλ
+ NσCλµσPλ
)
ξµ . (3)
Letting ξ = Bµσξ
σ
we find
ξ˙µ =
d
d t
(Bµσξ
σ
) = {Bµσ, N
λHλ}ξ
σ
+ Bµσ
˙
ξ
σ
,
and substituting into (3) we obtain
Gξ(t) = P ν
˙
ξ
ν
+Hνξ
ν
+ PµN
σSµρσξ
ρ
, (4)
where
Sµρσ = {B
µ
ρ, Hσ}+ B
ν
ρB
µ
γ{A
γ
σ, Hν}+ B
ν
ρC
µ
νσ .
It turns out that Sµρσ = −B
µ
βB
α
ρ{X
β, Cλασ}Hλ[7]. Thus
since the last term in (4) is quadratic in the constraints, it
can be discarded “on-shell” (on the first-class constraint
hypersurface). We obtain the following simple form for
the gauge generator,
Gξ(t) = P ν
˙
ξ
ν
+Hνξ
ν
. (5)
The finite active gauge transformation of any dynam-
ical field Φ takes the form
exp
(
{−, Gξ}
)
Φ = Φ+
{
Φ, Gξ
}
+
1
2
{{
Φ, Gξ
}
, Gξ
}
+· · ·
(6)
Since by assumption the scalars Xµ do not depend on
the lapse and shift the descriptors for the finite gauge
transformation that transforms Xµ to xµ is easily seen
to satisfy, on shell,
xµ = Xµ + ξ
µ
, (7)
where ξ
µ
:= Aνσξ
σ is considered a function of the space-
time coordinates and we have made use of the fact
that the Poisson brackets Hµ with themselves vanish
“strongly”, i.e., they are proportional to terms at least
quadratic in the Hν . The descriptors ξ
µ
= χ(1)µ and
ξ˙
µ
= χ(2)µ may therefore be substituted into (6), after
the Poisson brackets have been computed, to obtain all
invariant functionals IΦ associated with the fields Φ.
Although the following results hold for all fields [7] we
focus here on fields other than the lapse and shift. Then
the explicit expressions for the invariants are
IΦ ≈ Φ+ χ
(1)µ{Φ, Hµ}+
1
2!
χ(1)µχ(1)ν{{Φ, Hµ}, Hν}+ · · ·
=:
∞∑
n=0
1
n!
(χ(1))n{Φ, H}(n) , (8)
where ≈ is the symbol for Dirac’s weak equality, that
is, an equality which holds “on-shell”. The time rate of
change of these invariant functionals satisfies
d
d t
IΦ =
∂
∂ t
IΦ + {IΦ, N
µHµ} ≈
∂
∂ t
IΦ ≈ {Φ
A, H0}
+
1
2
(
χ(1) 0χ(1) ν{{ΦA, H0}, Hν}
+ χ(1) 0χ(1) ν{{ΦA, Hν}, H0}
)
+ · · ·
≈
∞∑
n=0
1
n!
(χ(1))n{{Φ, H0}, H}(n) = I{Φ,H0} ,(9)
where in the third line we used the strong vanishing
of the Poisson brackets of the H¯. But recognizing
that the invariant fields are simply the fields at the
gauge-fixed point p
G
on the gauge orbit, we note that
3I{Φ,H0} = {Φ, H0}pG
= {Φ, NµHµ}p
G
. Therefore the
invariants satisfy the equations of motion of the gauge
fixed fields. We note also that repeated time deriva-
tives of the invariant fields yield the simple expression
∂n
∂ tn IΦ ≈ I{Φ,H0}(n) , and that we may therefore express
the invariants as follows as a Taylor series in t:
IΦ ≈
∞∑
n=0
tn
n!
I{Φ,H0}(n)
∣∣
t=0
. (10)
This expression displays in a striking manner the notion
of “evolving constant of the motion” introduced origi-
nally by Rovelli[9]. We stress however, that the evolu-
tion we obtain here is nothing other than the evolution
determined by Einstein’s equations in the gauge-fixed
coordinate system. We point out in addition that ac-
cording to Batlle et al [10] the potentially infinite set of
invariants I{Φ,H0}(n) will correspond to Noether symme-
tries. In generic general relativity the conserved quan-
tities must necessarily be spatially non-local, as pointed
out by Torre[11].
The invariant functionals I{Φ,H0}(n)
∣∣
t=0
have an im-
mediate physical interpretation: They are the n’th time
derivative of Φ evaluated at time zero. A similar result
holds for spatial derivatives, as we now show. But first
we point out that the Xµ are to be spacetime scalars,
i.e., under the projectable infinitesimal coordinate trans-
formations (1) we require that {Xµ, ξνHν} = X
µ
,νǫ
ν . It
follows that Aµa = X
µ
,a, but there are no restrictions on
Aµ0. At the gauge fixed point on the gauge orbit we
find therefore that Aµa = δ
µ
a , and B
µ
ν = N
µδ0ν + δ
µ
aδ
a
ν .
Paralleling for the spatial coordinates the computation
in (9) we find that dd xa IΦ ≈ I{Φ,Ha}. But again we
recognize that the invariant associated with {Φ, Ha} is
this quantity evaluated where the gauge condition is sat-
isfied. At this point Ha = B
µ
aHµ = Ha, confirming that
this invariant is indeed nothing other than the spatial
derivative. In addition we may expand in powers of the
spatial coordinate xa, resulting in the interpretation of
the associated invariant coefficients of n’th power of xa
as the n’th spatial derivative evaluated at xa = 0. All
observers end up with the same explicit functions of their
own coordinates as does the observer at the gauge fixed
location. This essentially is the physical content of the
invariants IΦ.
The map Φ → IΦ cannot be canonical because it
sends all the gauge equivalent configurations to the same
configuration, the one satisfying the gauge fixing condi-
tions. But surprisingly, it can be understood as a limit
of a one-parameter family of canonical maps. Let us
consider the functionals, obtained from canonical maps,
K
(Λ)
Φ = exp
(
{−,Λχ(1)νHν}
)
Φ. One can prove that, on
shell, [7]
K
(Λ)
Φ ≈
∞∑
n=0
1
n!
(1 − e−Λ)n(χ1)n{Φ, H}(n) =: K˜
(Λ)
Φ , (11)
It is remarkable that the same functional K
(Λ)
Φ exhibits
two different power series expansions: the first is just
its definition and is in terms of the parameter Λ, the
second, as in (11), is in terms of (1 − e−Λ) and is only
valid on shell. The important result is that we recover
the invariants,
lim
Λ→∞
K
(Λ)
Φ ≈ IΦ .
Another result of interest is
{K
(Λ)
Φ , Hν} ≈ e
−ΛK
(Λ)
{Φ,Hν}
, (12)
which again shows, in taking the Λ→∞ limit, the gauge
invariance of IΦ.
These functionals K
(Λ)
Φ can be used to yield a simple
proof that the Poisson brackets of the invariants are sim-
ply the invariants associated with the Dirac brackets of
the fields. The proof proceeds as follows for variables
other than the lapse and shift, but can be generalized to
include them. The computation of the first order off shell
terms of K
(Λ)
Φ gives
K
(Λ)
Φ = K˜
(Λ)
Φ + e
Λγµ
Φ
Hµ +O(2) , (13)
with
γµ
Φ
:= (1−e−Λ){Φ, χ1µ}+
(1− e−Λ)2
2
{Φ, Hν}{χ
1ν, χ1µ} .
The functionals γΦ carry the information of the lowest or-
der off shell terms for K
(Λ)
Φ . O(2) represents terms which
are second order of the type αµνHµHν or β
ν
µD
1µHν .
Now we can compute
{K˜
(Λ)
ΦA
, K˜
(Λ)
ΦB
} = K
(Λ)
{ΦA,ΦB}
− eΛ{K
(Λ)
ΦA
, Hµ}γ
µ
ΦB
− eΛγµ
ΦA
{Hµ, K
(Λ)
ΦB
}+O(H, χ1) ,
and when we go on shell (H ≈ 0), using (12),
{K˜
(Λ)
ΦA
, K˜
(Λ)
ΦB
} ≈ K
(Λ)
{ΦA,ΦB}
−K
(Λ)
{ΦA,Hµ}
γµ
ΦB
− γµ
ΦA
K
(Λ)
{Hµ,ΦB}
+O(χ1) .
Next we can take the limit Λ→∞ and obtain
{IΦA , IΦB} ≈ I{ΦA,ΦB} − I{ΦA,Hµ}( limΛ→∞
γµ
ΦB
)
− ( lim
Λ→∞
γµ
ΦA
)I{Hµ,ΦB} +O(χ
1) ,
which explicitly shows the role played by the off shell
terms of K
(Λ)
Φ in the computation of {IΦA , IΦB}. These
terms will gently conspire to bring the Dirac bracket on
the stage. Indeed, sending χ1 → 0, that is, examining
the configurations at the location p
G
(on the gauge orbit)
4where the gauge fixing constraints are satisfied, we obtain
{IΦA , IΦB}
∣∣
p
G
= {ΦA, ΦB}
− {ΦA, Hµ}
(
{ΦB, χ1µ}+
1
2
{χ1µ, χ1ν}{Hν , Φ
B}
)
−
(
{ΦA χ}+
1
2
{ΦAHν}{χ
1ν, χ1µ}
)
{Hµ, Φ
B}
= {ΦA, ΦB}∗∣∣
p
G
= I{ΦA,ΦB}∗
∣∣
p
G
. (14)
Now, gauge transformations will move this result at p
G
to any other location on the gauge orbit. Since these
gauge transformations are canonical and both the Pois-
son bracket structure and the invariants are preserved by
them, we can drop the restriction p
G
in the above result
and conclude that
{IΦA , IΦB} ≈ I{ΦA,ΦB}∗ . (15)
This result has been obtained previously by Thiemann[6]
in a much more laborious manner, and not including
lapse and shift.
We illustrate some of these classical ideas with a spa-
tially homogeneous isotropic cosmological model that
has proven useful in loop quantum gravitational ap-
proaches to quantum cosmology[8]. The spacetime in-
crement squared in this model is ds2 = −N2dt2 +
a2
(
dx2 + dy2 + dz2
)
where the lapse N and expansion
factor a depend on the coordinate time t. The material
source is taken to be a massless spacetime scalar field
φ(t) It is convenient to make a change of variables in this
model to new variables n, u, v satisfying N =: 2n/9, a =:
(2π/3)
1/3
exp ((u+ v)/3), and φ =: (27π)
−1/2
ln (u/v).
Then the Lagrangian becomes simply L = −u˙v˙/n re-
sulting in the primary constraints H := −pupv ≈ 0 and
pn ≈ 0. The generator of time evolution is nH + λpn.
Choosing pv ≈ 0 we find that if we fix the gauge by
χ(1) = t− v = 0, this model possesses the curious prop-
erty that the only physical variable that changes in time
is time itself! This property must be distinguished from
the conventional notion of “frozen time” in which it was
understood that time did not exist. Of course, by other
gauge choices the remaining variables actually undergo
non-trivial time evolution. One can simply perform a
passive coordinate transformation on the invariant vari-
ables that we obtain presently.
With the choice X0 = v we find A := {v,H} = −pu,
so B = −1/pu, resulting in the constraints H = pv
and pn = −pn/pu. The gauge generator is therefore
Gξ = −ξ˙pn/pu + ξpv. All canonical variables except n
commute with Gξ, so Iu = u, Ipu = pu. Furthermore
{n,Gξ} = −
˙
ξ
ν
/pu has a vanishing Poisson bracket with
Gξ, and when evaluated at
˙
ξ
ν
= 1 + pun = χ
(2) results
in In = n+ {n,Gξ} = −1/pu. Note that, as is generally
the case, this last invariant can be obtained through the
equivalent passive coordinate transformation from an ar-
bitrary time t to t = v. Representing the functional
form in the intrinsic coordinate system by nˆ, we have
nˆ(v(t)) = n(t) dtdv = n(t)/
dv
dt = −1/pu. Illustrating the
Noether symmetry generated by the constant of motion
u, we find {u,H} = H/pu, and therefore the infinitesimal
rigid symmetry generator is ǫQ = ǫ(u+npn/pu). The sole
resulting variation is δn = ǫn/pu = −ǫ/u˙. We confirm
that the corresponding variation of the Lagrangian is a
total time derivative: δL = −ǫv˙.
Let us next consider the limit of the canonical trans-
formation engendered by Λ
(
−χ(2)pn/pu + χ
(1)pv
)
=
Λ (−pn/pu + npn + (t− v)pv). We find, for example,
K
(Λ)
n = −1/pu + exp(−Λ) (1/pu + n), confirming that
K
(Λ)
n → In as Λ → ∞. Finally we note that since the
only non-vanishing elements of the inverse of the matrix
of Poisson brackets of constraints and gauge conditions
C1 := H , C2 := χ(1), C3 := pn, and C
4 := χ(2) are
M−112 =M
−1
34 = 1/pu andM
−1
23 = 1/p
2
u, the Dirac bracket
{n, u}∗ = −{n, pn}M
−1
34 {npu, u} = n/pu,
and therefore I{n,u}∗ = −1/p
2
u. As expected, this is equal
to the ordinary Poisson bracket {In, Iu}.
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